Abstract--In thin paper, we investigate fimte multiserver queuemg system with queue dependent heterogeneous servers, the number of servers changes depending on the queue length. Recurmve method is employed to solve the steady state equations governing the model The expression for the average number of customers in the system is obtained, whmh is further used to estabhsh cost function In order to gain maximum net profit, the threshold values of queue length at which servers are made available one by one, are determined Some special cases are deduced, which match with earlier exiting results We examine the effect of number of servers and input rate on average queue lengths by looking at a numerical illustration The optimal threshold parameters and corresponding net profit are also tabulated. (~)
I. INTRODUCTION
In many practical queueing situations, a long queue of customers waiting for service is quite common. To avoid this inconvenient situation, the decislon maker often provides extra removable servers to reduce long waiting hnes King [I] described the threshold queueing system in the transport protocols of a communication network. The telephone directory assistance is another good example of threshold queueing system, where as the number of calls increases, the provision of extra attendants is recommended so as to provide better grade of service in terms of reduced waiting time at optimum cost. However, these attendants may be removed as the number of calls reduces Many researchers have contributed to study the threshold queueing systems with queue dependent servers. Larsen and Agrawala [2] obtained optimal pohcy to minimize the mean response time for M/M/2 queueing system. Lin and Kumar [3] proved the validity of this policy. Singh [4] analyzed the infinite source Markovian queueing system for the case of two homogeneous and heterogeneous servers and also studied the infinite source M/M/3 queueing system with three homogeneous servers. Garg and Singh [5] tackled the same problem to determine the optimal The author is thankful to Department of Science and Technology (DST), New Delhi for the award of visiting fellowship under SERC scheme The author would hke to thank anonymous referee and chmf editor for their helpful suggestions for the improvement of the paper 0898-1221/05/$ -see front matter (~) 2005 Elsevmr Ltd All rights reserved.
Typeset by ~4A~oTEX dol 10 1016/j camwa. 2004 11 018 queue length under a cost structure so as to maximize the total profit. Ibe and Keilson [6] investigated multiserver threshold queues with hysteresis. Yamashiro [7] extended the work of Singh [4] and Garg and Singh [5] by taking state dependent servers. Yamashiro and Yuasa [8] discussed M/M/2 and M/M/3 machine repair problems where the number of repairmen change depending on the number of failed machines in the system.
The incorporation of additional removal servers in complex queueing system is advantageous to shorten the long waiting line so that the system efficmncy may upgrade to a reasonable extent. Jain [9] investigated M/M/m queue with discouragement by incorporating additional servers. Jain et al. [10] analyzed M/M/C/K/N machine repair problem with balking, reneging, spares, and additional repairman. Jain and Singh [11] incorporated additional servers for M/M/m queue with balking and reneging.
The purpose of this paper is threefold. First, we compute steady-state probabilities by using recursive method for the finite-capacity and fimte-source queueing system with queue dependent heterogeneous servers, which is further employed to obtain the explicit expression of the average number of customers in the system. Second, to obtain maximum net profit corresponding to optimal queue lengths. For this purpose, a linear cost relationship is constructed by taking various cost factors into consideration. Third, sensitivity analysis is carried out to explore the effect of cost ratios and traffic intensity on optimal queue lengths as well as on the net profit. The remaining paper is organized as follows. In Section 2, the underlying assumptions and notations for finite queueing model have been stated. The expressions for steady state queue size distribution and other performance indmes for finite capacity model have been derived in Section 3. Section 4 provides results for finite population model. Some special cases which also match with earlier exiting results are deduced in Section 5. In Section 6, we establish relationships among the cost factors so as to determine the optimal threshold values of queue level to turn on the queue dependent heterogeneous servers one by one. Finally, in Section 7, significance of the model and directions for future research are outlined.
THE NOTATIONS AND ASSUMPTIONS
Consider a multiserver queueing system with queue dependent heterogeneous servers, the customers are served according to first-come, first-serve service discipline. The customers are assumed to arrive in Poisson fashion with mean arrival rate A. There is provision of r heterogeneous servers in the system that turn on one by one according to a specified rule and provide service according to exponential distribution with mean service rate #3 for jth (3 ~ 1, 2,..., r) server. The number of servers employed depends upon the number of customers present in the system according to a threshold policy governed by the following rules.
• The first server is permanently available with the system.
• As soon as there are N1 customers waiting in front of first server, the second server will start providing service but will be removed from the system if the queue length becomes less than N1.
• In general, when the number of customers waiting for service reaches a specific level N3_l , the jth (j = 2, 3 .... , r) server will be available for service. As soon as the queue length again becomes less than N 3_ 1, the jth server will be removed from the system.
Let Pn denote the steady state probability that there are n customers in the system. Let PN1 = PNI(1) + PNI (2) , where PNI(~) is the probability that there are N1 customers in the system, and the N1 th customer being served by the ith (i -~ 1, 2) server. Also in general, we represent the probability of Nj customers in the system by = PN,(1)+ where PNj(1) denotes the probabihty that the N? th customer is being served by the jth server and PN, (2) (3 = 1, 2,. .., r --1) denotes the probability that Na TM customer is being served by the (3 + 1) th server. Evidently, (3 + 1) th server will be available for service if there are at least N: customers present in the system. As soon as the number of waiting customers in front of (r-1) th server becomes Nr-1, then all r servers are available for service by activating the last r th server.
The steady state queue size distributions for finite capacity and finite population models are presented in the next sections.
FINITE CAPACITY MODEL
The steady state equations for M/M/r/K queueing system with r queue-dependent heterogeneous servers are given as follows,
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Queue Size Distribution
We obtain steady state queue size distribution by solving equations (1)-(11) recursively as , ( 
+ ]
Pn :
where r~ A/#~, i 1,2,... ,r; ¢3 3 : = = ~=1 ;z~, P3 : I/¢3; 3 : 1,2,...,r. K p, Now P0 can be determined by using normalizing condition ~n=O '~ = 1. Particularly at threshold levels, we have
where A = (1 + p2)/(1 + 2p2),
Po, PN2 (1) 1 + 2p2 
Other System Metrics
Now, we find some more performance characteristics by using steady state queue size distribution as follows.
• Probability that there are j (3 --1, 2,... ,r -1) operating servers in the system,
with No = 1.
• Prob {all r servers are operating}
• Prob. {jth (3 = 1, 2,..., r) server being in busy state} is 
PB(J)=EP(k ).
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FINITE POPULATION MODEL
The steady state equations for finite population queueing system with population size M and r queue-dependent heterogeneous servers, are constructed as follows,
/~IPN,+I,
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Queue Size Distribution
We obtain steady state queue size distribution by solwng equations (23)-(33) recursively as
M R where P0 is determined using normalizing condition ~n=0 n = 1.
The steady state solution for P= always exists because the number of states is finite
Other System Metrics
We provide some more results using queue size distribution as follows.
• Probability that there are j (2 -1, 2,..., r -1) operating servers m the system,
• Prob. all r servers are operating,
• ]th (j .~ 1, 2,..., 7') server being in busy state is
PB (2) = Z P(k).
(37)
k=9
• The average number of customers m the system is given by 
SPECIAL AND EXTREME CASES
Case 2. If r = 3, K --* oe, that is when the system capacity is infinite and the system has three heterogeneous servers, then we get the results for the infinite source M/M/3 queueing system with queue dependent heterogeneous servers as follows,
(1 + p3) ~-N~ ~,~ p~-N:p(o) n>N:
(1 + 2p5) ' -Case 3. If r = 3, #1 = #2 = #3, that is, when the system has three homogeneous servers, then our model provides results for finite queueing system with queue dependent homogeneous servers. Case 4. If r = 3, K --+ 0% and #1 = #~ = pa, that is, when the system has infinite capacity and three homogeneous servers, then we have the corresponding formulae for the infinite source M/M/3 queueing system with queue dependent homogeneous servers. Case 5. In partmular, for homogeneous servers, that is, when #~ = p (i = 1,2,. ,r) and N; = 3 + 1, 1 _< 3 < r -1, our results coincide with classical M/M/r/K model [13] .
OPTIMAL CONTROL STRATEGY
It is difficult for decision maker to decide analytically the number of servers in the system and the threshold level of queue size for their turning on or off so as to minimize total cost.
In this section, we derive the cost function to determine the optimum threshold value N3* (j = 1, 2,..., r -1) considering predefined cost incurred on the system, as follows.
Ch Holding cost per unit time for each customer in the system. C1 Cost per unit time of permanent server. C 3 Cost incurred per unit time for providing ?th (j = 2, 3,..., r) server.
To design optimal control policy for system with r servers, following r -1 inequalities must be satisfied, because it is profitable to activate 3 th (r,r -1, .., 2) 
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The optimal value N3* (3 = 1, 2,..., r -1) can be obtained using equalities (53),(54). But, there may be more than one feasible solution, so that, to achieve the maximum net profit, the total average cost (TC) should be minimum. The total cost (TC) is given by r TC = ChL It: (N1, N2,.. , N~_I)] + ~ C3P (3)-
j=l Probabilities for 3 th server being busy for different models by varying r Table 1 
NUMERICAL ILLUSTRATIONS
This sec~ion illustrates the numerical tractability of the optimal threshold policy provided in previous sections by solving particular examples. Sensitivity analysis is also performed to examine the effect of various system descriptors on the average queue length. A computational program is developed by using mathematical software MATLAB and run on Pentium IV. For validity of analytical results, we compute numerical results for the following models.
Model 1. In this model, the homogenous servers turn on one by one with the arrival of each customer. That is, N, = z + 1. Also set service rate/z, = 1. Table 2 with the arrival of each Model 3. Here, heterogeneous servers start the service with the workload of additional three customers. That is, here, we also choose t~ = 1 + 0.1(z -1), N~ = 3z.
Numerical results for various system performance measures are presented in Tables 1-4 and displayed in Figures 1-3 . Table 1 depicts the probability for the jth (3 ~---1, 2,..., r) server being busy by fixing capacity/( = 20 for different models. It is observed that the probability PBO)
increases with arrival rate A but decreases by increasing the number of servers. For r = 5 and A = 0.3, in Table 2 , we observe that the probability for jth server being busy increases with capacity size (K) In Table 3 , interim steps of global search algorithm to cMculate optimM threshold parameters N* for satisfying ineqnalitms (53) and (54) Table 4 , we calculate optimal threshold values and corresponding total cost for different set of (al, a2, a3) for A = 0.5 and A = 1.0. It is observed that the total cost increases with the increase m (al, a2, a3) and (N~', N~, N~). Figure 1 displays the correlation between average number of customers (L) in the system vs. arrival rate A by varying the number of servers for different models. We observe that the average number of customers (L) in the system increases with the arrival rate A whereas it decreases by increasing the number of servers for all the models. Figure 2 exhibits the average number of customers (L) in the system by varying A and K for different models. It is seen that L increases with arrival rate A and capacity size K for all the models. Figure 3 demonstrates the comparison of average number of customers (L) in the system for three models by varying ), and K, respectively. It is noted that as additional server being employed at higher threshold value, L increases with A and K, both.
DISCUSSION
We have derived various performance measures for multiserver queueing system with queue dependent heterogeneous servers by using recursive method. The incorporation of additional servers in a sequentiM manner proves beneficial to reduce the backlog of the system in particular when traffic load is high. The optimal threshold parameters for turning on the servers are determined by constructing a cost relationship among the cost factors and using a heuristic approach. The cost analysis provided may be helpful in establishing the tradeoff between the costs associated with the servers and waiting times. The optimal policy presented gives insights for facilitating quality of service in terms of reduced waiting time at optimum cost for many congestion situations encountered in large machining systems such as computer, communication, and production systems.
